
Fig. 6: Storage needed (in GB) for the various quantization ap-
proaches. U stands for the factor matrices, B for the core tensor. The
number after B and U gives the number of bits used for the respective
coefficient type.

Fig. 7: Quantization error as SNR for various quantization approaches.
The triple-bars are organized in the indicated dataset order and bright-
dark-medium-luminance color coded. U stands for the factor matrices,
B for the core tensor. The number after B and U gives the number of
bits used for the respective coefficient type.

tization to both the factor matrices and core tensor as well. The effects
on approximation error were analyzed for entire as well as bricked
volume Tucker decompositions. Fig. 7 shows the analysis of the ap-
proximation quality in terms of the SNR σ

Ã
for different linear and

logarithmic quantizations.
Except for the 8-bit linear core quantization (B:8lin), it is clear from

Fig. 7 that for the factor matrices a significant improvement in SNR,
and hence lower approximation error, can be achieved when using 16-
bit (U:16) instead of 8-bit (U:8) quantization. Though the bonsai tree
dataset does not benefit as strongly from this as the other volumes.

With respect to the core tensor quantization, it can be seen that the
logarithmic is superior to the linear quantization, reaching comparable
SNR values using much fewer bits, i.e. B:8log achieving almost the
same quality as B:16lin for the same factor matrices quantization. It
can be seen that increasing the quantization resolution from 8 to 12-bit
only minimally improves the SNR, with the latter (B:12log) basically
matching the more costly linear quantization.

We evaluated the separate floating point representation of the hot-
corner core tensor coefficient (B:8log+ in Fig. 7), which otherwise
potentially wastes quantization resolution better spent on the remain-
ing core tensor coefficients. The SNR can so be increased slightly at
the expense of only 4 extra bytes.

Taking the results from the storage cost study into account, the op-
timally compact quantization can be achieved using 16-bit linear fac-
tor matrix and 8-bit logarithmic core tensor quantization with separate
hot-corner (U:16 B:8log+).

Bricked TA Quantization: In a bricked multiresolution octree
setting the quantization quality differs only so slightly as shown in
Fig. 7 (U:.. B:..-bricked), sometimes even being better. This could be
explained by the fact that the bricked representation uses more coeffi-

cients in total over all bricks for the same volume dataset, consuming
a little bit more space (Fig. 6). The preferable optimal quantization
setting is thus the same as above also for the bricked TA.

Additionally, for the structural tooth dataset we performed a quan-
tization error analysis on a larger 10243-cubed volume. The reference
SNR of 37.16 for U:32 B:32 compares well with the SNR of 37.09
for U:16 B:8log-bricked, which matches well with the SNR study for
the smaller tooth subvolume in Fig. 7. The SNR over individual bricks
varies from 35.11 to 40.94 with an average of 37.16. Note that the
U:16 B:8log-bricked representation differs from the original 16-bit
input volume only by a very low (normalized) RMSE of 0.007.

6.3 Visual Results
In order to give insight into the capability of multiscale tensor approx-
imation for DVR, we show visual results from the veiled chameleon
and the great ape molar.

Approximative Visualization: The veiled chameleon dataset as
shown in Fig. 8 is visualized with the out-of-core multiresolution vol-
ume renderer based on tensor reconstructed bricks. It can be seen that
even with a lower rank tensor approximation, i.e., by using less storage
and bandwidth, the essential parts as well as details of a certain feature
size can be visualized. Small scale features are effectively removed
from the visible bone structures, in a different way than by reducing
the rendering LOD which typically results in a more blurred volume
close up. Fig. 9 shows the effects of rank reduction on gradient quality.
As we can see, block boundaries become apparent only at low ranks.
Such artifacts are inherent to all brick-based lossy compression meth-
ods, and can be alleviated, at the cost of higher rendering time, by
interblock interpolation through sampling neighboring bricks [16, 3]
or by using deferred filtering approaches [10, 11]. This is orthogonal
to the presented research.

Fig. 8: Comparison of a rank-(16,16,16) and a rank-(8,8,8) TA.

Fig. 9: Comparison of various rank-(R,R,R) TAs using the gradient
vector of the skin isosurface mapped to RGB color.

Structural Features: As an application, we look at dental inter-
nal structures of a great ape molar. The relevant growth structures are
found in the tooth enamel, which has a microstructure that is roughly
comparable to densely packed fibers (so called prims). During dental
enamel formation, each enamel prism elongates in centrifugal direc-
tion through the daily apposition of a small segment of enamel. In
other words, the prisms grow along all three spatial dimensions and
are in particular not axis-aligned, but of curved shape. Examples of
such enamel growth patterns can be found in Suter et al. [23] and in the



accompanying video. Those prisms represent important growth struc-
tures, but are difficult to visualize since the scanned high-resolution
dataset includes spatial information of growth patterns that are of mul-
tiple scales (daily appositions form prisms).

In our experiments, we observed the effect of different rank-reduced
and tensor-approximated dental growth structures in the great ape mo-
lar. We noticed that by using lower-rank TA, dental structures like
growth prisms become highlighted as illustrated in an example close-
up in Fig. 10. In Fig. 11 a horizontal cut orthogonal to the growth
prisms (yellow dots) is shown. The image of the base reference at
a rank-(16,16,16) TA shows the prisms irregular spatial distribution,
which makes the identification of individual prisms more difficult. The
lower-scale rank-(8,8,8) reconstruction clears out the fuzziness and
reveals the layered periodic and parallel arrangement of the prisms.
From these experiments, we conclude that the effect of rank-reduced
TA supports counting or analyzing layer formations.

Fig. 10: Dental growth structures (prisms), highlighted with a reduced
rank-(4,4,4) reconstruction. Taken from a frontal projection to an area
below the enamel surface (see Fig. 2).

Fig. 11: Dental growth structures (prisms), highlighted with a reduced
rank-(8,8,8) reconstruction. Taken from a horizontal cut through an
area below the enamel surface (see Fig. 2).

Even if more experimentation is required on a large variety of real-
world datasets, our initial results seem to indicate that TA is able
to preserve important features using coarse ranks. We see tensor-
reconstructed volumes as an alternative to potentially help researchers
to visualize and explore particular features at different scales by play-
ing with tensor approximations of different ranks.

7 CONCLUSION

We have presented the first integration of a multiscale volume rep-
resentation based on tensor approximation within a GPU-accelerated
out-of-core multiresolution rendering framework. Our multiscale rep-
resentation allows for the extraction, analysis and display of structural
features at variable spatial scales, while adaptive level-of-detail ren-
dering methods make it possible to interactively explore large datasets

within a constrained memory footprint, allowing analysts to visually
examine and understand datasets of overwhelming size and complex-
ity. We have shown that tensor approximation offers good compres-
sion, and, by reducing the reconstruction rank, permits the highlight-
ing of structural features. Thus, TA is a powerful approach to represent
microstructural volume datasets at high data reduction ratios, and si-
multaneously highlighting relevant features at different spatial scales
but high display resolution. Our system allows this exploration to oc-
cur for massive volumes and in real time.

Our future work will concentrate on further improving the perfor-
mance and capabilities of our system by removing the need for an un-
compressed brick cache, further reducing GPU memory needs. More-
over, we plan to improve our representation by using a per-brick adap-
tion of the approximation rank, non-uniform quantization of coeffi-
cients, as well as thresholding of insignificant core tensor coefficients
(sparse tensors) to further reduce memory needs. However, we would
need to evaluate such a scenario with respect to the decoding and re-
construction times on the GPU.
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APPENDIX A TENSOR APPROXIMATION (TA)

In tensor approximation (TA) approaches, an multi-dimensional input
dataset in array form, i.e., a tensor, is factorized into a sum of rank-one
tensors or into a product of a core tensor and matrices, i.e., one for each
dimension. This factorization process is generally known as tensor
decomposition, while the reverse process of the decomposition is the
tensor reconstruction. In the following sections, we give an overview
of these two processes. In order to obtain a data reduction, which is
an approximation of the input data, an additional process has to be
introduced: the tensor rank-reduction. The concepts presented in the
following subsections hold for general higher-order tensors. However,
we restrict ourselves to third-order tensor as this is more intuitive and
this represents the datasets used in Direct Volume Rendering (DVR).

A.1 Tensor Decomposition

Let A be a third-order tensor in RI1×I2×I3 with elements aiii2i3 . The
Tucker model is a common approach for tensor decompositions. There
the third-order tensor is approximated by a product of a core tensor B
and three factor matrices U(n)

Ã = B×1 U(1)×2 U(2)×3 U(3), (A.3)

where the products ×n denote the n-mode product between the tensor
and the matrices (see [15] and Fig.12). The Tucker decomposition of
a tensor, which is a higher-order form of a matrix SVD or a PCA (ex-
tension of matrix rank concept), can be obtained from an higher-order
SVD (HOSVD) algorithm (computed by a matrix SVD along every
data mode). Other successful factorization methods are TUCKALS3
(an ALS approach for Tucker decompositions in three dimensions) and
its generalized version, the higher-order orthogonal iteration (HOOI)
(details see [15]).

U(3)U(1) U(2)I1 I2I1

I2 I3

I3
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Fig. 12: Tensor decomposition

After a HOSVD the core tensor B has the same size as the original
input dataset A and all the factor matrices are quadratic. However, we
are more interested in light-weight, approximative Tucker decompo-
sitions, where B is element of RR1×R2×R3 with R1 < I1, R2 < I2 and
R3 < I3. Using the HOOI algorithm one can directly obtain a reduced-
rank Tucker decomposition, whereas the rank reduction. Alternatively
one can truncate the result obtained from HOSVD which is according
to Bader and Kolda [15] not optimal in terms of difference between
approximated and original data.

A.2 Tensor Reconstruction
The tensor reconstruction of a reduced-rank Tucker decomposition
can be achieved in different ways. One alternative, is a progressive re-
construction: Each entry in the core tensor B is considered as weight
for the outer product between the corresponding column vectors in the
factor matrices

Ã = ∑
r1

∑
r2

∑
r3

br1r2r3 ·u(1)
r1 ·u(2)

r2 ·u(3)
r3 . (A.4)

The sum of all theses weighted “subtensors” forms the approxima-
tion Ã of the original data A (see Fig. 13).
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Fig. 13: Tensor reconstruction from Eq. A.4 visualized.

Another approach, is to reconstruct each element of the approxi-
mated dataset individually, which we call voxel-wise reconstruction
approach. Each element ãi1i2i3 is reconstructed as shown in Eq. A.5,
i.e., sum up all core coefficients multiplied with the corresponding co-
efficients in the factor matrices (weighted product).

ãi1i2i3 = ∑
r1

∑
r2

∑
r3

br1r2r3 ·u(1)
i1r1
·u(2)

i2r2
·u(3)

i3r3
(A.5)

A third reconstruction approach is to build the n-mode products
along every mode [15] (notation: B×n U(n)), which leads to a ten-
sor times matrix (TTM) multiplication for each mode, i.e., dimension.
This is analogous to the Tucker model given by Eq. A.3. The n-mode
product between a tensor and a matrix is equivalent to a matrix prod-
uct as it can be seen from Eq. A.6. In Fig. 14 we visualize the TTM
approach using n-mode products.

Y = X ×n U⇔ Y(n) = UX(n), (A.6)

where X(n) represents the mode-n unfolded tensor, i.e., a matrix.

I1 U(1)

R1

R3

R2×1

B

B�

R3

I1

R1

(a) TTM 1

I2

R2

U(2)

I1

R2

R3×2

B�

B�� I2

I1

(b) TTM 2

I3

R3

U(3)

I2

R3

I1×3

B��

�A
I2

I3

(c) TTM 3

Fig. 14: TTM: tensor times matrix along the 3 modes (n-mode prod-
ucts). Backward cyclic reconstruction after Lathauwer et al. [6].

Given the fixed cost of generating an I1× I2× I3 grid, the computa-
tional overhead factor varies from cubic rank complexity R1 ·R2 ·R3 in
the case of the progressive reconstruction (Eq. A.4) to a linear rank
complexity R1 for the TTM or the n-mode product reconstruction
(Eq. A.5). (For R = 16, the improvement to R3 = 4′096 is 256-fold.)




