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Abstract
We presentan algorithmfor simulatingglobal illumination in scenescomposedof highly tessellatedobjectswith
diffuseor moderately glossyre�ectance. Thesolutionmethodis a higherorder extensionof the faceclusterra-
diosity technique. It combinesfaceclustering, multiresolutionvisibility, vectorradiosity, andhigherorder bases
with a modi�ed progressiveshootingiteration to rapidlyproducevisuallycontinuoussolutionswith limitedmem-
ory requirements.Theoutputof the methodis a vector irr adiancemapthat partitions input modelsinto areas
whereglobal illumination is well approximatedusingtheselectedbasis.Theprogrammingcapabilitiesof modern
commoditygraphicsarchitecturesare exploitedto renderilluminatedmodelsdirectly fromthevectorirr adiance
map,exploiting hardware acceleration for approximatingview dependentillumination during interactivewalk-
throughs.Using this algorithm,visually compellingglobal illumination solutionsfor scenesof over onemillion
inputpolygonscanbecomputedin minutesandexaminedinteractivelyoncommongraphicspersonalcomputers.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.3 [ComputerGraphics]:PictureandImageGen-
eration;I.3.7 [ComputerGraphics]:Three-DimensionalGraphicsandRealism.

1. Intr oduction

Interactive computergraphicssystemsfor realisticallyvisu-
alizing geometricallycomplex modelsareessentialcompo-
nentsof anumberof practicalapplications,includingevalua-
tion,design,andtrainingsystems.Thesubtlelighting effects
simulatedby global illumination areof primary importance
to makethevirtual world representationlook realistic.Finite
elementmethodshave establishedthemselvesin the indus-
try as one of the methodsof choicefor simulatingglobal
illumination, mainly becausetheir resultsare well suited,
at leastin the standarddiffusecase,for interactive inspec-
tion in virtual reality simulators1. The ability to perform
interactivewalkthroughsof globalilluminationsolutionsin-
cludinglargetessellatedmodelsandglossyeffectsremains,
however, achallengingopenproblem.

In this paper, we presenta higherorderextensionof the
faceclusterradiositytechniquethatovercomescertainlim-
itations of previous approaches.It combinesface cluster-
ing, multiresolutionvisibility, vector radiosity, and higher
order baseswith a modi�ed progressive shootingiteration
to rapidly producevisually continuoussolutionswith lim-

ited memoryrequirements.In particular, sincethe method
focuseson smoothly representingvector irradiancerather
thanradiosity, its memoryandtime complexity arepracti-
cally independentfrom the input modelsize.Theoutputof
the methodis a vector irradiancemapthat partitionsinput
modelsinto areaswhereglobalillumination is well approxi-
matedusing the selectedbasis.The programmingcapabil-
ities of moderncommoditygraphicsarchitecturesare ex-
ploitedto renderilluminatedmodelsdirectly from thevector
irradiancemap,exploiting hardware accelerationfor com-
putingview dependentilluminationduringinteractivewalk-
throughs.Usingthisalgorithm,globalilluminationsolutions
for scenesof over onemillion input polygonscanbe com-
puted in minutesand examinedinteractively on common
graphicspersonalcomputers.

Therestof thepaperis organizedasfollows.An overview
of the relatedwork is presentedin section2. Then, hier-
archicalhigherorderfaceclusterradiosity is introducedin
section3. Section4 discussesourprototypeimplementation
and the preliminary resultsobtained.The paperconcludes
with asummaryandaview of currentandfuturework.
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2. Relatedwork

Volume clustering for hierarchical radiosity. The most
successfulradiosity techniquefor dealing with complex
scenesis currently hierarchicalradiosity 2. The algorithm
constructsa hierarchical representationof the form fac-
tor matrix by adaptively subdividing planarpatchesaccord-
ing to a user-suppliederror bound.By treatinginteractions
betweendistant patchesat a coarserlevel than thosebe-
tweennearbypatches,the algorithmreducesthe cost from
quadraticto linearin thenumberof sub-patchesused.How-
ever, sinceaninitial transportlink hasto becomputedfrom
eachof the original patchesto all others,the cost is also
quadraticin thenumberof inputpolygons,which is thema-
jor bottleneckfor highly tessellatedscenes.Volumecluster-
ing methods3; 2; 4 combatthis problemby grouping input
patchesinto volumeclusters.Handlingthelight incidenton
a clusteris, however, a dif�cult problemandall presented
solutionsaremoresuitableto handlingunorganizedsetsof
polygonsthanhighly tessellatedmodels5; 6; 7. It is dif�cult
to obtaincontinuouslyshadedsurfaces,sinceinterpolating
scalarirradiancesacrossvolumesdoesnot leadto goodre-
sultsbecauseof the varying orientationsof surfaceswithin
thecluster6. At thesametime,pushingirradiancesto leaves
on-the-�y 8; 3; 9 makes it dif�cult to constructhigher order
representationsof polygon irradiances,makes the method
complexity dependenton input modelsize,anddrastically
reducesthememorylocality of thesolutionphase.

Hierar chical radiosity on simpli�ed and multir esolution
models. Meshsimpli�cation techniquescanbe adoptedto
structurethedataatdifferentlevelsof detail10. A numberof
authorshaverecognizedthepotentialof thesetechniquesfor
handlinglargetessellatedsurfacesin radiosity. Rushmeieret
al. 11 demonstratedthe useof simpli�ed modelsin radios-
ity. Greger et al. 10, showed how to apply the resultsof a
simulationon a simpli�ed sceneto a moredetailedversion
of the samescenethroughthe useof irradiancevolumes.
Both methodsforce theuserto selectthecomplexity of the
modelbeforethesimulation.DumontandBouatouch12 re-
centlyimprovedthis result,presentingahierarchicalradios-
ity algorithmthatworkson multiresolutionmeshes,picking
thelevel of simpli�cation appropriateto eachtransferof ra-
diositybetweensolutionelementsthroughtheuseof macro-
facets.However, their techniquerequirestouchingall thein-
put polygonsduring the pushphase,which is prohibitively
memoryandtimeexpensivefor modelswherethegeometric
detail is much�ner thanthe illumination complexity. Will-
mott andHeckbert5 presenteda hierarchicalradiosityalgo-
rithm that focuseson vector irradianceratherthan radios-
ity. Sincevector irradianceconserves directional informa-
tion, the push-to-leaves phaseis avoided, and the method
memoryand time complexity are madeindependentfrom
the input meshcomplexity. Themethodis currentlylimited
tohandlingasingleirradiancevectorpercluster, whichleads
to “blocky” solutionsor �ne subdivisions. As for volume

clusters,theclassicsmoothingpost-passis dif�cult to apply,
andre-evaluatingvisibility at theinputpolygonlevel is pro-
hibitively expensive for highly tessellatedscenes.For this
reason,Willmott 13 proposesa �nal post-processingstagein
which irradiancevectorsare recomputedat the cornersof
eachnodethroughoutthehierarchy andinterpolatedat each
input modelvertex for computingradiosity. Our work im-
provesover this methodby usinghigherorderbasesduring
the solution,leadingto bettererror control andreducedre-
�nement. The virtual meshapproach14 is similar to ours,
asit triesto decoupleillumination informationfrom surface
representationby usinggeometricabstractions.Their work,
however, focusesmainly on parametricsurfaces,while ours
is moretargetedto highly tessellatedmodels.

Linkless hierarchical radiosity. A major problem with
classic hierarchicalradiosity methodsis the necessityto
storeall links becauseall of themarereusedin eachgath-
ering iteration,which imposesa considerableoverheadthat
limits thesizeof scenesthatcanbehandledby themethod.
This is aparticularlysevereproblemwith higherordertech-
niques,sincethenumberof coef�cients perlink grows with
thesquareof thenumberof elementbasisfunctions.For this
reason,a numberof authorshave proposeda shootingiter-
ationschemetogetherwith hierarchicalradiositywith clus-
tering 15; 16; 17; 18; 14. Sincethe numberof shootinglinks for
every iterationdecreasesexponentially, the penaltyfor not
storing,but recomputingsomeof the links is muchsmaller
than it is in the caseof gathering.We also adoptthis ap-
proach,andproposea modi�ed shootingschemethat also
reducesstoragerequirementsat the elementlevel. Particle
tracing and densityestimationapproaches19; 20 tackle the
complexity problemsby separatingtheglobaltransportfrom
the local lighting reconstruction.They arean alternative to
the�nite elementtechniquesdiscussedhere,thatpotentially
provide a moreaccuratesimulationat theexpenseof walk-
throughspeed.

Non–diffuse global illumination and interactive walk-
thr oughs. Theradiositymethodcanbeusedto precompute
view independentradiosityvalueswhich canbeviewed in-
teractively. Extensionshave beenproposedfor view depen-
dentillumination in theearly90s21; 22, but they did not pro-
vide interactive rates.Recently, interactive walkthroughsof
globalilluminationhavebecomepossibleby cachingof ray-
tracedsamples23; 24; 25; 26 or by ef�ciently updatingpartially
precomputedradiosity solutions27; 28; 29. Theseapproaches
arevery promising,but visualizationof resultsstill requires
considerableCPUeffort, especiallywhentheview changes
rapidly. They arethereforecurrentlymoreapplicableto in-
teractive lighting designapplicationsthanwalkthroughsof
largetessellatedscenes.Alternatively, anapproximaterepre-
sentationof theglobalilluminationcanbeprecomputedand
viewedinteractively exploiting graphicshardwareaccelera-
tion, as in, e.g.,30; 31; 32; 28; 33. We alsoadoptthis approach,
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Figure1: Facecluster.

proposingan approximationof glossyglobal illumination
well suitedto currentprogrammablegraphicshardware.

3. Hierar chical Higher Order FaceCluster Radiosity

3.1. Hierar chical Data Structur e

As in the original faceclusterradiosityalgorithm 5, highly
tessellatedgeometricmodelsare representedwith a face
cluster hierarchy that has the original model polygonsas
leaves. Eachcluster in the hierarchy groupsa set of con-
nectedfacesand behaves like a geometricobject on its
own, answeringqueriesregardingits geometry(e.g.bound-
ing volume,normal,totalarea,projectedarea)andattributes
(e.g. re�ectance,emission).Currently, eachfacecluster is
representedby anorientedboundingbox (see�gure 1) with
thelocal z axisalignedwith theareaaveragednormalof the
containedsurfaceandthex andy axisassignedby arotating
caliperalgorithmthatminimizestheboxvolume.Hierarchy
constructionis donein a preprocessingstepon anobjectby
objectbasisusinga greedyalgorithmbasedon the method
of Garlandet al. 34 that we have extendedto handlevertex
attributesasin ourearliersimpli�cation tool 35 .

Sincefaceclustersdo not in generalrepresentplanarsur-
faceswith constantmaterialattributes,all queriesreturnav-
erage,minimum,andmaximumexpectedvalues.In particu-
lar, weemploy thefollowing expressions,dueto Willmott 13:

� Normal-projectedarea of cluster i: A(n)
i = kå k Aknkk

whereAk is surfaceareaof facek andnk is the normal
of facek;

� Minimum projected area of cluster i in direction r :j
A(vis)

i (r )
k

= A(n)
i (ni � r )+ whereAi is the total surface

areaof the clusterandni is the areaaveragednormalof
thesurface;

� Maximum projected area of cluster i in direction r :l
A(vis)

i (r )
m

= å 3
j= 1

�
u j � r

�
+ D+

j + å 3
j= 1

�
� u j � r

�
+ D�

j

whereu j is the j-th local axisof theorientedbox, D+
j =

å k Ak
�
nk � u j

�
+ andD�

j = å k Ak
�
� nk � u j

�
+ aresamples

of theprojectedareaof theclusterin thesix principaldi-
rectionsof the orientedbox, computedby traversingall
clusterfacesduringhierarchy construction.

3.2. Higher-Order Vector Radiosity Approximation

TheradiancedistributionL(x;z) in anonparticipatingenvi-
ronmentcomposedof generalre�ectors andemittersis de-
scribedby thethefollowing integral equation:

L(x;z) = Le(x;z)
+

R
A fr (x;y;z)L(y;x)V(x;y)G(x;y)dAy

(1)

whereL(x;z) is the radianceat point x re�ected towards
point z, Le(x;z) is the emitted radianceat point x re-
�ected towards point z, V(x;y) is one if point x is visi-
ble from point y andzerootherwise,fr (x;y;z) is the bidi-
rectionalre�ectancedistribution function (BRDF) at x for
light incident from y and re�ected towards z, G(x;y) =
((y� x)�nx)+ ((x� y)�ny)+

pkx� yk4 is the geometryfactor, and the inte-

gral is over thesurfaceA of all objectsof theenvironment.

Forcomputationalef�ciency reasons,wemakethesimpli-
fying assumptionthat the overall energy distribution in the
environmentis still well approximatedwhenassumingthat
all surfacesemit andre�ect light uniformly in the environ-
ment, i.e., that the BRDF fr (x;y;z) canbe replacedby an
averagediffusere�ectivity r (x), andthat the emittedradi-
anceLe(x;z) is well approximatedby usinganaveragedif-
fuseemittanceBe(x). This is truefor thediffuseandmoder-
atelyglossymaterialscommonin architecturalwalkthrough
applications,wheredirectionaleffectsmostly appearin the
form of surfacehighlights. Under the diffuse assumption,
equation1 simpli�es to

B(x) = Be(x) + r (x)
Z

A
B(y)V(x;y)G(x;y)dAy (2)

The integrand of this equation representsthe irradiance
E(x;y) at point x due to light emittedat point y, and can
beexpressedin termsof two vectorquantities:

E(x;y) = (nx � E(x;y))+

whereE(x;y) is the irradiancevectorat point x on the re-
ceiver due to point y on the emitter. The irradiancevector
is parallel to the vectorconnectingx to y andis relatedto
the radiosity of point y by E(x;y) = m(x;y)B(y), where

thetransportvectorm(x;y) = V(x;y)
((x� y)�ny)+

pky� xk4 (y � x) ex-

pressesthegeometricrelationshipbetweenx andy.

The faceclusterradiositymethodapproximatesequation
2 by discretisingthe environmentinto faceclustersA j and
by assuming,whencomputingenergy transfer, thatall points
j within anemittingclusterareclosetogetherandfar from
thereceiver 5. Theirradiancevectorat a point x canthusbe
approximatedby

Ex = å
j

Z

Aj
m(x;y)b(y)dAy (3)
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andequation2 thusbecomes:

B(x) = Be(x) + r (x)nx � Ex (4)

The derivation of a higher-order �nite elementmethodfor
solving this equationfollows closely that of the standard
scalarradiosity36; 37. This equationcan be solved approx-
imately by assumingthat the radiosity B(x) on patch i
canbe well approximatedby a linear combinationB(x) =
å i;a Bi;aF i;a (x) of asetof non-overlappingorthogonalbasis
functionsF i;a de�ned on patchi. With this approximation,
equation4 becomes:

Ex � å
j ;b

B j ;b

� Z

A j

m(x;y)F j ;b(y)dAy

�
(5)

å
i;a

Bi;aF i;a (x) � å
i;a

Be
i;aF i;a (x) + r (x)nx � Ex (6)

Following theGalerkinapproach,we take theinnerproduct
of the left and right side of this equationwith eachbasis
functionF i;a0, obtainingasetof linearequationsfromwhich
to computetheunknown irradiancevectorsandradiosities:

K i;a; j;b =

R
Ai

F i;a (x)
R

A j
m(x;y)F j ;b(y)dAydAx

R
Ai

F i;a (x)2dAx
(7)

Ei;a = å
j ;b

K i;a; j;bB j ;b (8)

Bi;a = Be
i;a + r ini � Ei;a (9)

wherer i is theaveragere�ectanceof patchi andni is theav-
eragenormalof patchi. Theseequationsrevert to thescalar
Galerkinradiosityequationsin caseof perfectlyplanarel-
ements,andrevert to faceclusterradiosityequationswhen
usingconstantbasesfor bothirradianceandradiosity. Since
the methodproducesas output an irradiancevector distri-
bution, it is possibleto exploit it to quickly renderillumi-
natedgeometryas the viewpoint changes,providing a vi-
sually compellingapproximationof non-diffusere�ectance
whengeneratingoutputcolors.This is doneby evaluating
equation1 for a viewpoint z andthesingledirectionallight
E(x) = å i;a Ei;aF i;a (x), whichgives:

L(x;z) � Le(x;z) + fr (x;x + E(x);z)(nx �
E(x)

p
)+ (10)

This shadingequationis amenableto hardware imple-
mentationoncommodityprogrammablegraphicshardware.
Eventhoughglossyre�ections arelimited to the �nal stage
of any illuminationpathandevaluatedfor asingledominant
direction,the approximationquality is suf�cient to provide
compellingvisual resultsandto convey importantinforma-
tion onscenelighting andsurface�nish.

3.3. Integration and Hierar chical Re�nement

3.3.1. Integration and visibility estimation

As for mostcurrentradiositysystems,we computethecou-
pling coef�cients of equation7 by numerical integration,

using ray tracing to computethe visibility part of the ker-
nel. The visibility queriesinvolved in this processare of-
ten themosttime consumingpartof a radiositysimulation;
at thesametime, spatialsubdivision methodsfor accelerat-
ing thosequeriesareoftenrequiringlargeamountsof mem-
ory. In this work, the multiresolutionfaceclusterstructure
is usedto speed-upvisibility queries,usinga multiresolu-
tion visibility methodsimilar to the one usedfor volume
clustering38; 4. The visibility query routinestartsat the top
faceclusterof eachpotentialoccluderanddescendsinto the
faceclusterhierarchy until the queryray is proved outside
the currentorientedbox or the estimatedprojectedshadow
sizeof thecurrentfaceclusteronthereceiver is smallerthan
agiventhreshold.At thispointweestimatetheopacityof the
occluderandstopthe recursion.Sincewe aredealingwith
largethin clusterscontainingconnectedcomponents,we do
not useequivalent extinction coef�cients, but, rather, esti-
matetheopacityby theratio of thevisible projectedareaof
theclusterin thedirectionof theray andtheprojectedarea
of the box. The sizethresholdusedfor stoppingthe recur-
sionis chosenasafunctionof thedistancebetweencubature
nodesonthereceiving cluster. Thisadaptivemultiresolution
visibility approachhastheadvantageof contributing to lim-
iting corememoryused,sincefaceclusterswill beaccessed
during visibility testingonly whentheir sizeis comparable
to thatof thesolutionelements.By limiting theprecisionof
thecomputation,wealsoreducememoryneeds.

3.3.2. Transfer error estimation

Insteadof estimatingthe errorson the propagation coef�-
cients,we basere�nementon a direct estimationof the er-
ror on the energy re�ected by the receiver, using a BFA-
weightedapproach.Therationalefor usingaradiositybased
re�ner, even thoughthealgorithmfocuseson vectorirradi-
ance,is that it is radiositythat is �nally displayedandper-
ceived by the user. We usea numberof samplepoints on
the receiver andcompareat eachof thosepointsthediffer-
encebetweenthe expectedboundson the radiosity at the
samplepoint computedby direct integrationandthe value
interpolatedusingthe elementbasis.To ensuresubdivision
of side-onclusters,we distribute samplepointson the en-
tire cluster(andnot only on theaverageplane).After com-
puting the transfercoef�cients usingequation7, upperand
lower boundson theBFA factorsareestimatedat eachcon-
trol point x usingtheboundson theprojectedareas:

�
BFAi j (x)

�
= maxy2 A j

B j (y)V(x;y)
l
A(vis)

i (y� x)
ml

A(vis)
j (x� y)

m

pky� xk2

�
BFAi j (x)

�
= miny2 A j

B j (y)V(x;y)
j
A(vis)

i (y� x)
kj

A(vis)
j (x� y)

k

pky� xk2

Theseboundsarecomparedwith thevalueobtainedfrom the
couplingcoef�cients:

BFA0
i j (x) = Ainx �

 

å
a j;b

K i;a; j;bF i;a (x)B j ;b

!
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to estimatethemaximumtransfererrorfactor:

DBFAi j = max
x2 Ai

� �
�BFA0

i j (x) �
�
BFAi j (x)

� �
�

�
�BFA0

i j (x) �
�
BFAi j (x)

� �
�

�

Thetransfererrorusedfor re�nementis thenobtainedwith:

di; j = dr ieDBFAi; j

3.3.3. Self transfer error estimation

Sincefaceclustersarenot perfectlyplanar, surfacescannot
be assumedto be perfectlyconvex and it is thereforenec-
essaryto handleself interaction.Following Willmott 13, an
upperboundon the self form factorof a faceclustermay
be estimatedby comparingthe total visible external area

to the surfaceareaof the cluster, i.e.
�
Fi;i

�
= 1 � A(n)

i
Ai

and
�
Fi;i

�
= 1 � å 3

k= 1 D+
k + D�

k
Ai

. We improve this boundby track-
ing duringtheclusteringprocesswhetheraclusteris convex,
andsettingto zerotheself form factorestimatein thatcase.
Given an estimateof the self form factor, we estimatethe
erroronself transferby

di;i = dr iedBi(x)e
� �

Fi;i
�

�
�
Fi;i

��
Ai

3.3.4. Push-Pull

A key stepin every hierarchicalradiosityalgorithm is the
push-pullphase,in which the information gatheredat the
different levels of detail is combinedin a single multires-
olution representation.For higher-orderbasisfunctionsthe
coef�cients for the push-pulloperation,that dependpurely
on therelative geometryof theelementandits children,are
computedby taking the productof the basisfunctions.In
the faceclusterradiosity method,the relative geometryis
not constant,andthe push-pullcoef�cient matrix hasto be
recomputedat eachlevel of the hierarchy from the parent-
child transform.While in ourmethodirradiancevectorsand
radiositycould be (and in generalwill be) representedus-
ing differentbases,weassumethatthesetof basisfunctions
usedfor radiosityisasubsetof thesetof basisfunctionsused
for irradiancevector. We thushave to computeandstorea
singlecoef�cient matrix of sizeN2, whereN is thenumber
of irradiancevectorcoef�cients, sincethecoef�cient matrix
for radiosityis asubmatrixof thecoef�cient matrix for irra-
diance.Thecomputationis doneat thesub-elementcreation
time.

Pushingvector irradiancecoef�cients requiresparticular
care,sincevector irradianceis valid only in a singlehalf-
space.Theapproachwearecurrentlytakingis to pushvector
irradianceonly whenits �rst coef�cient (relative to thecon-
stantbasis)is in thepositivehalf-spaceof thesub-element.

3.4. A Practical Solution Method

The techniquesdescribedabove make it possibleto extend
faceclusterradiositywith higherorderbases.Ouralgorithm
aimsat rapidlyproducingdecentquality illuminatedmodels

Figure 2: Elementhierarchy andoriginal faceclusterhier-
archy. Thesolveroperatesonlyontheelementhierarchyand
on theclustersdirectlyreferencedby them.

with limited memoryfootprint. Our main designdecisions
andtheir rationalearethefollowing:

� radiosityandirradiancevectorsmayberepresentedwith
differentbases.Sinceradiositycoef�cients areusedby the
methodonly whenelementsactasemitters,while irradi-
ancevectorsarealsousedto producelocal illumination
detailwhendisplayingtheresult,it makessenseto usea
lowerorderbasisfor radiositythanfor irradiancevectors.
Thiswouldcontributeto reducememoryusagewith little
degradationof visualresults;aminimumstoragesolution
for producingsmoothresultsis thereforeto useaconstant
basisfor radiosity(onecoef�cient) andanon-productlin-
earbasis(threecoef�cients) for irradiancevectors;

� storing the couplingcoef�cients betweentwo patchesis
typically extremelymemoryintensive for higherorderra-
diosity. This is particularlytruefor vectorradiosity, since
eachcouplingcoef�cient is a transportvector(andnot a
scalar).For this reason,we have decidedto avoid storing
links, andthereforeto useashootingtechnique;

� vectorirradiancesareheavier thanradiositiesandareonly
usedfor accumulatingcontributionsfrom otherelements
andat theleavesof thesolutionhierarchy to storetheillu-
minationresult.By carefullyorderingenergy exchanges,
we can accumulateirradianceinto a temporaryvector,
which would thusbe storedonly at the leavesof the so-
lution hierarchy. This would save 50%of thememoryre-
quiredfor irradiancevectors.

Thealgorithmthatwehavederivedfrom thesedesignde-
cisionsis describedin thefollowing section.

3.4.1. Hierar chical radiosity shootingalgorithm

Eachsolutionelementi storesthe currentunshotradiosity
DBi;a , the next iteration's unshotradiosityDB0

i;a , anda list
of potentialshooters,i.e.,theelementsthatarecandidatesfor
transferringlight to theelementduringthecurrentiteration.
The algorithmis structuredin a way that the vector irradi-
anceEi;a needsonly be storedat the leavesof thesolution
hierarchy (see�gure 2).

At the beginning of the algorithm, a top level solution

c
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elementis createdfor eachof the top-level face clusters
of the scene,with unshotradiosity initialized to the emit-
tance,next iterationunshotradiosityinitialized to zero,and
anemptylist of potentialshooters.Multiple instancesof the
samemodelarepossible.In thatcase,multiple top-level so-
lution elementswould referencethe sameface-cluster. At
eachiterationstep,the algorithmstartsby initializing each
of the top level element's list of potentialshooterswith the
othertop-level elementsthat have a positive unshotradios-
ity andarefacingtoward the potentialreceiver. The list of
potentialshootersis then usedin the multiresolutionlight
transportphase.In this phase,the hierarchy of eachof the
top-level solutionelementsis traversedtop-down to trans-
port light from the potential shootersto the receivers. At
eachelementi in the hierarchy, the unshotvector irradi-
anceDEi is computedby summingthe unshotvector irra-
dianceof theparentwith theunshotvectorirradiancecom-
ing from thepotentialshooterslist. Thealgorithmcyclically
extractsa potentialshooterj from the list until the list be-
comesempty. The couplingcoef�cients K i;a j;b andthe er-
ror di; j arecomputed.If the accuracy of the light transport
is consideredacceptable,the unshotvector irradianceDEi
is incrementedby å j ;b K i;a; j;bDB j ;b. Otherwise,the algo-
rithm decidesto computethetransportat a �ner resolution.
If theemitteris selectedfor re�nement,thesub-elementsof
the emitter that are facing toward the receiver are inserted
into the receiver's potentialshooterlist andwill be treated
laterduringthesameiteration.Otherwise,theemitteris in-
sertedinto thelist of potentialshootersof thereceiver'ssub-
elementsthat are facing toward it andwill be treatedlater
during the top-down elementtraversal.Self-link re�nement
is handledsimilarly by updatingthepotentialshooterslists
of thesub-elementsin caseof subdivision.Whenthepoten-
tial shooterslist is exhausted,DEi containsthe unshotvec-
tor irradianceof theenvironmentthat is transferreddirectly
to elementi or higher up in the solution hierarchy. If ele-
menti is a leaf, thevectorirradianceEi;a is incrementedby
DEi andthe next iteration's unshotradiosityDB0

i;a is setto
(1� Fi;i )r ini �DEi;a . Otherwise,light transportis recursively
appliedto the sub-elements,andthe next iteration's unshot
radiosityDB0

i;a is computedby pulling theunshotradiosity
of the sub-elements.At the end of eachiteration, the cur-
rentDB valuesaresetto thosecollectedinto DB0, andDB0 is
cleared.The algorithmterminateswhenthe (in�nite) norm
of DB fallsbelow auser-de�ned threshold.

Themajorcomponentsof themethodaresummarizedin
algorithm1.

3.5. HardwareAcceleratedSolution Display

Theoutputof themethodis avectorirradiancemapthatpar-
titions inputmodelsin areaswhereglobalilluminationhasa
goodapproximationusingtheselectedirradiancebasis.Us-
ing equation10, thismapcanbeusedto quickly renderillu-
minatedgeometryastheviewpoint changes,takinginto ac-

SOLVE():
for eachtop-level faceclusteri

createa top-level elementi
DBi;a  (Be

i ; 0; 0; ::; 0) DB0
i;a  0 Ei;a  0

repeat
for eachtop level elementi

for eachtop level elementj 6= i
ASSIGN-SHOOTER(i, j )
TRANSPORT-LIGHT(i,0)

for eachtop level elementi
DBi;a  DB0

i a DB0
i;a  0

until convergence

ASSIGN-SHOOTER(i, j):
if DBi 6= 0 and elementi is facingelementj

push j into shootersi

TRANSPORT-L IGHT(i,DEup):
DEtmp  pushcoef f icients(DEup)
while shootersi notempty

pop j from shootersi
computecouplingcoef�cients K i;a j;b anderrordi; j
switch ORACLE(i, j ,di;k)

casesubdivide i: for eachchild k of i:
ASSIGN-SHOOTER(k, j)
casesubdivide j: for eachchild k of j:
ASSIGN-SHOOTER(i,k)
caseelse: DEtmp;a  DEtmp;a + å j ;b K i;a; j;bDB j ;b

if SELF-ORACLE(i)
for eachchild j of i

for eachchild k of i, k 6= j
ASSIGN-SHOOTER( j,k)

if i is a leaf
DB0

i;a  (1 � Fi;i )r i ni � DEtmp;a Ei;a  Ei;a + DEtmp;a
else

DB0
i;a  0

for eachchild j of i
TRANSPORT-L IGHT( j,DEtmp)
DB0

i;a  DB0
i;a + pullcoef f icients(DB0

j;a )

Algorithm 1: Hierarchical HigherOrderVectorRadiosity

countnon-diffusere�ectancewhengeneratingoutputcolors.
This technique,requiringonly local dataanda �x ed small
numberof instructions,lendsitself well to currentcommod-
ity programmablegraphicshardware.

Given the accuracy and programcomplexity limitations
of currentpixel pipelines,we have implementedvectorirra-
dianceto color conversion in a vertex program.The con-
version includesradiancecomputationusing the modi�ed
PhongBRDF 39 andsimple tonemappingbasedon Rein-
hard's photographictonereproductionoperator40. This ver-
tex shadingapproachis high quality enoughfor highly tes-
sellatedobjects,which usuallyhave moreverticesthanpix-
els for most viewpoints. The completevertex programto
implementthis approach,expressedin the Cg language41,
is provided in AppendixA. As you cansee,for ef�ciency
reasons,vertex shadersarespecializedby basis.

4. Implementation and Results

An experimentalsoftware library and a rendererapplica-
tion supportingthehierarchicalhigherorderfaceclusterra-
diosity algorithm describedin this paperhasbeenimple-
mentedand testedon Linux, Silicon GraphicsIRIX and
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Figure3: Higherorder faceclusterradiositysolutionsfor a testsceneof 1.5Minputpolygons.Solutiontime(10iterationswith
10� 5 relativetransferaccuracy)is in all casesundertwo minutes.First column:solutionleaf clusters; secondcolumn:diffuse
BRDF; third column:glossyBRDF. First row: constantbasis;secondrow: linear basis;third row: quadratic basis.

Windows NT machines.The software supportscombina-
tionsof constant,linear, bilinear, quadratic,andcubicbases
for representingradiosity and vector irradiancefunctions.
The basesusedwere obtainedby Gram-Schmidtorthog-
onalizationof the functions1;u;v;uv;u2;v2;u3;u2v;uv2;v3

on the horizontalplaneof the cluster's boundingbox. On
machineswith graphics boards supporting the OpenGL
ARB_Vertex_Program extension, global illumination
solutionswith glossyre�ection effectscanbe examinedin
real-timethanksto hardwareacceleration.

Eachmultiresolutionmodel is storedusing a faceclus-
ter table,a triangle table(with threevertex indicesper tri-
angle),anda vertex tablewith threecoordinatesper entry.
Materialsare storedat the level of clustersin the form of
minimum, maximum,andareaaveragedemittanceandre-
�ecti vity. Face clustersand trianglesare sortedto permit
directsequentialaccess.Usingour currentimplementation,
that doesnot employ particularcompressionschemes,the
memoryrequiredfor a faceclusternodeis 110bytes,while
a triangleanda vertex require12 byteseachusing32 bits
integer and�oating point values.The memoryrequiredfor
a clusteredgeometricmodel of N facesis thus,assuming

2N clustersandN=2 vertices,of about238N bytes.Only the
partsof the modelthat participateto the solutionwill need
to beswappedinto corememory. To supporttheshootingal-
gorithm,a solutionelementhasto storea push-pullmatrix,
two unshotradiositiesandthereferencesto thetwo subele-
mentsandto the associatedfacecluster. Vectorirradiances
arestoredonly at theleafelements.Thesizeof asolutionel-
ementis thus12+ 24Nb + 4N2

e bytesfor aninternalelement
and12+ 24Nb + 4N2

e + 36Ne for a leaf element,whereNb
is thenumberof radiositycoef�cients perelementandNe is
thenumberof irradiancecoef�cients perelement.

In the test casediscussedhere, global illumination is
computedfor an indoor scenetypical of thoseseenin the
global illumination literature(see�gure 3). The scenerep-
resentsa closedrectangularroom (6m� 5m� 4m) lit by a
single arealight (power = 109:25W) and containingthree
high resolutionscannedmodelswith subtlegeometricde-
tailsandapolygonizedimplicit surface(thepedestal).Using
the quadric-basedsurfacesimpli�cation method42 we pro-
ducedmultiple versionsof thescenewith thesamematerial
propertiesandpolygoncountsrangingfrom 160K to 1.5M
faces.The statuesexhibit glossysurfaceproperties(Phong
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Figure 4: Left: Performanceof hierarchical radiositywith volumeclusteringandhigherorder faceclusterradiosityasmodel
complexity increases.Center:Numberof energy transfers for hierarchical constant,linear, andquadratic faceclusterradiosity
asmodelcomplexity increases.Right:Memoryrequirementsfor inputworld, facehierarchy, andsolutionhierarchy.

exponent=10),while the restof the model is madeof pure
Lambert re�ectors. The averagescenere�ectivity is 0:67.
Much of the light in the room derivesfrom secondaryillu-
minationandshadows arecastfrom andontofaceclustered
models,providing agoodtestof complex interre�ection.

Wecomparedtheperformanceof thetechniquepresented
in this paperwith the standardhierarchicalradiosity with
volume clusteringbasedon the Gauss-Seideliteration, as
implementedin the widely availableRenderparksoftware.
Theseresultswere collectedon a Linux PC with a AMD
Athlon XP 1600MHz,2GBRAM, andaNVIDIA GeForce4
Ti4600 graphicsboard. A commonparameterizationwas
usedfor all simulationruns: in particular, we useda 10� 5

relativetransfererrorthreshold,adegree5 (7 nodes)integra-
tion rule on receivers,a degree4 (6 nodes)integrationrule
on theemitter, andavisibility in quadraturetechnique.Sim-
ulationwasstoppedafter10 iterations.In our software,we
alwaysusedaconstantbasisfor theemitterandvariedthere-
ceiver basisfrom constant(1 function/element)to linear (3
functions/elements)to quadratic(6 functions/element).An
extendedanalysisis availableelsewhere43.

As expected,our methodis constanttime, taking103s to
115sfor acompletesimulation,while thevolumeclustering
methodcomplexity grows linearly from 1h37 to 15h50 with
the input model polygon count (see�gure 4 left). Prepro-
cessingtime for thefaceclusteringmethodrangesfrom 45s
to 464s. It is negligible with respectto thevolumeclustering
solutiontimesandmay, moreover, beamortizedamongmul-
tiple solutionrunsandmultiple reusesof thesameclustered
model.The betterresultsof the faceclusteringmethodare
largely dueto thefact thatvolumeclustersdo not provide a
good�t for orientedsurfaceregions,forcing the algorithm
to transferlight betweenelementsfar down in the cluster
tree to reachacceptableaccuracy. Moreover, the needof a
push-to-leavesphaseheavily impactson thememorylocal-
ity of thescalarradiositymethod.By contrast,thenumberof
leavesthatparticipatein thesolutionfor the faceclustering
methodis smallandindependentfrom input datasize(from

5800 leaf elementsfor the quadraticsolution to 6200 leaf
elementsfor the constantone).The memoryrequirements
for themethodareillustratedin �gure 4 right. Theclustered
modelfootprintgrowslinearlywith theinputpolygoncount,
while solutionmemorystaysconstant.Thequadraticbasisis
the morecostly, but still requireslessthan3.5MB for stor-
ing thesolutionhierarchy. Therequiredworking setfor the
simulationis in all casesunder10MB. Figure4 centercom-
paresthenumberof energy transfersto computea globalil-
luminationsolutionwith thethreeirradiancebasesusedfor
the test.As you can see,much as the leaf elementcount,
thenumberof energy transfersis independentfrom thege-
ometriccomplexity andsigni�cantly diminishesasthebasis
order increases.Using higherorderbasesduring the solu-
tion process,andnot only for smoothingout thesolutionin
a post-processingstepasin 13, is thereforeperformanceef-
fective.

Figures3 and 5 show the computedsolutions,that can
be inspectedin real time on standardgraphicsPC.The ac-
companying videofurther illustratesthequality andperfor-
manceof the methodwith interactive solutionand inspec-
tion sequences.The importanceof view dependentglossy
re�ection effectsfor perceiving bothmaterialtypeandsur-
faceshapeis evident.Notice, in particular, thecomplex in-
directre�ectionsfrom thecoloredwallson thestatues.

5. Conclusionsand Futur eWork

We have presentedan algorithmfor simulatingglobal illu-
mination in scenescomposedof highly tessellatedobjects
with diffuseor moderatelyglossyre�ectance.The solution
methodis a higher order extensionof the facecluster ra-
diosity technique.Our benchmarksdemonstratethat,using
this algorithm,visually compellingglobal illumination so-
lutionsfor scenesof over onemillion input polygonswith a
goodrangeof glossyBRDFcanbecomputedin minutesand
examinedinteractively on commongraphicspersonalcom-
puters.While the displayedsolution is not the result of a
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Figure 5: Selectedclose-upframesfroman interactiveren-
dering sessionwith constantradiositybasisand linear ir-
radiancebasis.Noticeshadowcastingandview-dependent
effectsdueto glossyre�ection of indirectincominglight.

full global illumination simulation,sinceglossyre�ections
arelimited to the�nal stageof any illumination path,its vi-
sualqualityis notveryfarfrom whatprovidedby ray-tracing
post-processingalgorithmscommonlyin usein state-of-the-
art architecturallighting systems.We thusbelieve that our
approachhasgreatpromise,sinceit canbeusedto generate
low to moderatequality solutionsfor glossyenvironments,
thataresuitablefor interactive viewing. A detailedanalysis
of the approximationerror introducedby our methodis an
importantareafor futurework.

Our currentwork is concentratingon improving the im-
plementationof the prototypesolver and rendererand on
evaluatingthe effect of the variousaccuracy and material
parameterson renderingquality andspeed.By decoupling
visibility from transfercoef�cient computation,as in visi-
bility maskandadaptive shadow samplingapproaches,we
expect to take further advantageof the approximationca-
pabilities of higher order bases.In order to further extend
the rangeof BRDF, we also plan to evaluatemore accu-
raterepresentationsof incominglight thanthecompactuni-
directionalvectorrepresentationemployedin thispaper. The
announcedavailability for the near future of next genera-
tion graphicsboardswith programmablefull �oating point
pixel pipelineswill enablethe evaluationof local shading
perpixel. By moving vertex computationto thepixel level,
weexpectaspeedimprovementfor highly tessellatedscenes
andincreasedquality for objectswith low polygoncounts.
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Appendix A: Cgvertex shader
struct a2v: application2vertex {

float4 Position: POSITION;
float3 Normal : NORMAL;
float4 Kd : TEXCOORD0;// rgb = diffuse refl., a = alpha
float4 Ks : TEXCOORD1;// rgb = specular refl., a = shininess
float3 Ke : TEXCOORD2;// rgb = emittance

};

struct v2f: vertex2fragment {
float4 HPOS : HPOS;
float4 COL0 : COL0;

};

// Interpolation bases
float f_1 (float2 uv) { return 1; }
float f_u (float2 uv) { return 1.7320508*(2*uv.x-1); }
float f_v (float2 uv) { return 1.7320508*(2*uv.y-1); }
float f_uv (float fu, float fv) { return fu*fv; }
float f_u2 (float fu) { return 1.1180340*(fu*fu-1); }
float f_v2 (float fv) { return 1.1180340*(fv*fv-1); }
float f_u3 (float fu, float fu2){ return 1.1385501*(fu*(fu2-0.8944272)); }
float f_u2v(float fu2, float fv){ return fu2*fv; }
float f_uv2(float fu, float fv2){ return fu*fv2; }
float f_v3 (float fv, float fv2){ return 1.1385501*(fv*(fv2-0.8944272)); }

// return x^q if x>0, 0 otherwise
float specular(float x, float q) { return lit(x,x,q).z; }

float4 radiance(float3 position,
float3 normal,
float3 eye,
float3 Ke, float4 Kd, float4 Ks,
float3 Er, float3 Eg, float3 Eb) {

float4 result;
float3 r = reflect(normalize(position - eye), normal);
result.rgb =

Ke +
float3(max(dot(normal,Er),0.0f),

max(dot(normal,Eg),0.0f),
max(dot(normal,Eb),0.0f)) *

(Kd.rgb + Ks.rgb * float3(specular(dot(r,normalize(Er)),Ks.a),
specular(dot(r,normalize(Eg)),Ks.a),
specular(dot(r,normalize(Eb)),Ks.a)));

result.a = Kd.a;
return result;

}

float4 tone_map(float4 c,
float key_over_Lw_avg,
float Lw_white_squared) {

float4 result;
float Lw_c = 0.27 * c.r + 0.67 * c.g + 0.06 * c.b;
result.rgb =

key_over_Lw_avg *
(1.0 + key_over_Lw_avg * Lw_c / Lw_white_squared) /
(1.0 + key_over_Lw_avg * Lw_c) *
c.rgb;

result.a = c.a;
return result;

}

v2f hhovr_constant_shader(a2v IN,
uniform float4x4 PVM,
uniform float4x4 M2E,
uniform float3 eye,
uniform float3 Er[1],
uniform float3 Eg[1],
uniform float3 Eb[1],
uniform float2 tonemap_params) {

v2f OUT;
float3 Er_uv = Er[0];
float3 Eg_uv = Eg[0];
float3 Eb_uv = Eb[0];
OUT.COL0 = tone_map(radiance(IN.Position.xyz, IN.Normal, eye,

IN.Ke, IN.Kd, IN.Ks,
Er_uv, Eg_uv, Eb_uv),

tonemap_params[0],
tonemap_params[1]);

OUT.HPOS = mul(PVM, IN.Position);
return OUT;

}

v2f hhovr_linear_shader(a2v IN,
uniform float4x4 PVM,
uniform float4x4 M2E,
uniform float3 eye,
uniform float3 Er[3],
uniform float3 Eg[3],
uniform float3 Eb[3],
uniform float2 tonemap_params) {

v2f OUT;
float2 uv = mul(M2E, IN.Position).xy;
float fu = f_u(uv);
float fv = f_v(uv);
float3 Er_uv = Er[0] + fu*Er[1] + fv*Er[2];
float3 Eg_uv = Eg[0] + fu*Eg[1] + fv*Eg[2];
float3 Eb_uv = Eb[0] + fu*Eb[1] + fv*Eb[2];
OUT.COL0 = tone_map(radiance(IN.Position.xyz, IN.Normal, eye,

IN.Ke, IN.Kd, IN.Ks,
Er_uv, Eg_uv, Eb_uv),

tonemap_params[0],
tonemap_params[1]);

OUT.HPOS = mul(PVM, IN.Position);
return OUT;

}

// And so on for bilinear, quadratic, and cubic shader...
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